ABSTRACT: The forecast error of wind power is challenging for system operators, and the uncertainty of forecast can be more instructive than forecast values. A piecewise exponential distribution model has been proposed for analysis of short term wind power forecast errors. In case study, comparisons of curve fitting are made between conventional error distributions and the proposed model, which demonstrates the flexibility and accuracy of the latter one.
INTRODUCTION
The wind power has developed so rapidly due to its merits of being clean, economic and renewable. However, the randomness, and intermittent and undispatchable feature have brought it with severe challenges. The wind power forecast is especially important to keep the power system running safely and economically, but the accuracy is rather low, which is mainly resulted from wind speed error of NWP, power output model, forecast method, etc.. The uncertainty of wind power has large impact on the whole system operation, including configuration of spinning reserve capacity [1] [2] [3] , transmission capacity, depth of peakshaving and higher requirement for frequency adjustment [4] . The analysis of wind power error is made for optimal scheduling of power system with large-scale wind power integration. Accurate description of uncertainty helps to enhance the operation safely and economically.
Study on the wind power error analysis has been conducted for quite a long time. Several empirical models (e.g. normal, Beta, Cauchy and Laplace distributions) have been proposed and each has its own characteristics and scope of applications.
Normal assumption is the earliest model and has been most widely used [6] [7] [8] . For large-scale cluster wind farms, wind power forecast error tends to be normal due to Central Limit Theorem when the forecast period lasts long. However, the kurtosis of normal distribution is fixed, and it comes out that the fitting of Gaussian distribution is inappropriate according to statistical analysis and further study, but to some extent, it has skewness and confidence interval is asymmetrical at a forecast point. In [9] , it was assumed that wind power forecast error was fitted the normal distribution, which made derivative terms of the objective function for optimal issues cannot be solved analytically.
Error model based on Beta distribution benefits from flexible shapes and variable kurtosis. [10] [11] employed Beta distribution to represent wind power forecast error. [12] improved the model by replacing the original linear model to polynomial for the mean and standard deviation of each power interval on the basis of [10] [11] . Although Beta distribution has a lot of advantages, there exists some obstacles in the application. Firstly, the procedure is very complicated. Moreover, [12] indicates that error probability density of error model may reach infinite in some forecast power intervals, thus reduce the accuracy to some extent. The symmetrically distributed Cauchy and Laplace distribution are suitable for wind power forecast error within an hour, but with inflexible shape and fixed application.
The error distribution model may be ambiguous or has some skewness with different wind farm scales and forecast methods. The most accurate one to de-scribe wind power error model of a certain objective should be based on the actual situation.
The paper aims to propose a new optional error distribution model with high adaptability and applicability. The model is expected to have flexible shape so as to depict asymmetry of error distributions. Meanwhile, it should be simple to facilitate calculus as well as engineering applications.
TRADITIONAL WIND POWER FORECAST ERROR DISTRIBUTIONS
In the midst of aforementioned traditional wind power error models, normal, Cauchy and Laplace distributions are symmetrical. Beta distribution is a weighted synthesis model, which can handle variable kurtosis and skewness and considered hot topic over current wind power error studies. Four conventional error distribution curves are shown in Figure 1 . The application of symmetrical error distribution model is confined on the premise of high precision as most wind farms are not so large and error distribution of which may be versatile. When error distribution is asymmetrical, the fitting of conventional distributions will inevitably have large deviations even with better parameter estimation algorithms, not mentioned to describe the actual error distribution.
The paper proposed that piecewise exponential distribution and Beta distribution are both able to handle the asymmetry of distributions. But the latter is rather complicated and the abnormity of probability density on some specific forecast bins may appear. The wind power forecast error in such bins should be ignored to ensure the accuracy of final error distribution at the cost of missing some information, which will affect the precision of Beta distribution model to some extent. 
PIECEWISE EXPONENTIAL ERROR DISTRIBUTION MODEL
An error distribution model with more flexible shape, variable kurtosis and broad scope of application is expected. The new model is required to mining more information about actual error distribution and its shape can vary unrestrictedly, thus could be applied to most scenarios. Piecewise exponential error model is synthesized with two exponential distributions, which has two shape parameters and could be obtained by piecewise estimation. Therefore, the piecewise exponential distribution is more flexible compared with conventional error distributions.
Piecewise exponential distribution
The probability density function (PDF) of piecewise exponential distribution can be defined as:
Equation (1) should satisfy: 1) Integral to 1 from negative to positive infinite.
2) The values of PDF from two piecewise distributions are the same in the joint point. Consequently, the PDF of piecewise exponential distribution is:
Where: x = (Pforecast-Pactual)/Pcap is standardized wind power forecast error. Pforecast is the forecast wind power. Pactual is the actual wind power. Pcap is wind farm installed capacity. b1 and b2 are shape parameters to be estimated, determining the shape of the curves. μ0 is the joint of two exponential distributions, indicating that the two distributions join together when the relative error is μ0, which is the standardized error obtained from the maximum point of the actual PDF sequences.
When b1 = b2= b, the distribution is actually the Laplace, which is viewed as an exception of piecewise exponential distribution. According to the PDF of the piecewise exponential distribution, the cumulative distribution function (CDF) can be written as:
The features of piecewise exponential distribution
The piecewise exponential distribution model is made up with two exponential distributions. The character-istics are shown as: 1) the two exponential distributions are independent in terms of shape because parameters are estimated by two independent error sequences, 2) take the advantage of "gap" in the actual error distribution that the junction point is determined by the maximum value of the PDF. Above all, the new model has variable kurtosis, flexible shape and is quite simple compared with conventional ones.
Least square nonlinear regression parameter estimation
Parameter estimation methods of normally distributed error model in current study include empirical method and maximum likelihood estimation method. Parameter estimation of Laplace distribution in [10] is so rough that could reduce the precision of error distribution model. Hence, the mentioned two distributions have the potential for improvement. The paper will use the least square nonlinear regression method to estimate the parameters of piecewise exponential distribution and Cauchy distribution by means of MATLAB. The parameter estimation function of least square nonlinear regression denotes fnl and parameter estimation formula is:
Where: C is the parameter vector to be estimated, including several parameter elements. r is the residual. C0 represents initial values of the parameter vector. X and Y are raw data. fun is the PDF of selected error distribution model. The principle of fnl for parameter estimation is: to choose the appropriate model fun to approximate the graph based on raw data X and Y, of which the parameter C is unknown. Given the initial value C0, fnl will utilize Levenberg-Marquardt algorithm to minimize the residual between the model and raw data and finally obtain parameters of the model. The algorithm takes the advantage of both the gradient and Newton methods.
CASE STUDY
The case is taken from the wind power forecast and actual data of EirGrid wind farm in the year 2010, 2011 and 2012.
Parameter estimation
The empirical method in [11] and MLE in [8] are used to estimate the error model of normal distribution. The method in [10] can be applied to estimate the parameters of Laplace. The maximum probability density is 8.2839, which corresponds to standardized error 0.036, could be obtained from probability density sequence of actual wind power forecast error. Then the least square nonlinear regression method is used to estimate the parameters of piecewise exponential distribution and Cauchy distribution. The parameters of Beta distribution are solved in [10] [11] [12] . Parameters estimated by different error distribution models are shown in Table 1 . Among which NLR represents the least square nonlinear regression method. 
Graphic fitting of error distribution model
The PDF of actual error can be obtained from the actual error series X and its corresponding probability density series Y, as is shown in Figure 2 . It can be seen from Figure 2 that the characteristics of the actual error distribution are as follows: 1) Kurtosis of normal distribution is 3 and it equals 6 for Laplace, suggesting the kurtosis of the actual distribution ranges from 3 to 6. 2) The actual distribution is asymmetrical and with a certain degree of tilt. In that, using symmetrical model such as normal or Laplace to fit will reduce the precision. From Figure 2 and Figure 3 , it can be seen that the precision of the PDF of piecewise exponential is much higher than that of other models due to the difference of coefficients in two exponential distributions which varies with the actual error distributions, making the shape flexible. Figure 4 shows that the CDF of piecewise exponential distribution is identical to that of the actual one whereas normal and Cauchy distributions have comparatively large deviation. From Figure 5 , it is suggested that the longitudinal errors and lateral errors of piecewise exponential distribution are quite close to those of Laplace and both are very small.
Forecast Error Probability Density

Above all, the fitting precision of CDF of piecewise exponential distribution to the actual one is much higher than that of normal and Cauchy distributions. The Laplace is just a bit less accurate but fits badly in terms of PDF. The precision can meet the requirement when using Beta distribution for both PDF and CDF, but is still inferior to piecewise exponential distribution owing to the accuracy and complicity.
Impact of wind power forecast method on error distribution
Wind power forecast can be categorized as ultra-short term (1~60min), short term (1~48h or 72h) and long term (several weeks to months). Commonly used forecast methods include persistence, time series and artificial neural network. The persistence method is the simplest and is usually employed to operate ultra-short term forecast. Time series and artificial neural network methods are especially appropriate for short-term wind power forecast. The characteristics of forecast error distribution will change with forecast time scales and wind farm scales. For instance, if the precision of ultra-short term forecast is high, wind power forecast error will reach the peak around 0. For short-term forecast, the PDF of forecast error will appear partial at one side when the mean value approaches rated power or 0. Forecast error tends to be normal for large-scale wind farms in a short time.
CONCLUSIONS
The forecast error distribution of different wind farms has different characteristics influenced by the factors of wind farm scales, forecast time scales and the degree of wind curtailment. Conventional error models have difficulty in describing most asymmetrical error distributions. The paper proposed a piecewise exponential distribution model to fit the wind power forecast error. The model is able to excavate more relevant information on the actual error distribution and has the merit of being flexible-shaped and with no restrictions on kurtosis, skewness and tail regions. In addition, it is simple for Calculus operations, thus is especially applicable for engineering. The aforementioned characteristics of the model makes it specializes in the fitting of multi-time scales forecast error distribution.
